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a) State responses

b) Associated control efforts

Fig. 1 NN and RNN adaptive control responses of wing-rock motion.

becomemore unstablefor the parameterconvergence.In the follow-
ing, a comparisonof the tracking accuracy is presentedby using the
NN adaptive controller in Ref. 4 and the proposed RNN adaptive
controller.The NN adaptivecontrollerused a traditional radial basis
function with � xed center and width. The proposed RNN adaptive
controlleruses a radial basis functionwith an internal feedbackloop
and tunes the center, width, and feedback gain of the radial basis
function.Simulations of the NN and RNN adaptivecontrol systems
with � ve hidden layer neurons for the initial condition (Á D 30 deg
and PÁ D 10 deg/s) is shown in Fig. 1. The state responsesare shown
in Fig. 1a, and the associated control efforts are shown in Fig. 1b.
Simulation results show that the tracking performance is consider-
ably improved by using the proposedRNN adaptivecontrol system.

V. Conclusions
In this Note, an RNN adaptive control system is proposed to con-

trol a wing-rock motion system. This Note has successfullydemon-
strated that the adaptive technique has been applied for the design
of an RNN system. This RNN adaptive controller can be applied
to a completely unknown system dynamic function. The adaptive
laws based on the Lyapunov stability theorem can automatically
adjust the interconnectionweights of the RNN. Thus, the stability
of the developed RNN adaptive control system can be guaranteed.
Simulation results have demonstratedthat the proposed RNN adap-
tive controller can achieve favorable control performance for the
wing-rock motion system.
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Introduction

S TAR trackers are increasinglyused on modern day spacecraft.
With the rapid advancement of imaging hardware and high-

speed computer processors,current trackers are small and routinely
achieve arc-second attitude accuracy.1 Typical sampling rates for
these trackers range from 1 to 10 Hz. As computer processor tech-
nology advances, these frequencies will increase, leading to � lter
designs that provide even more accurate results.

The body angular velocity can be derived using a derivative ap-
proach in the attitudekinematicsmodel. For example, if the attitude
quaternion q and its derivative Pq (which is usually approximated
by a � nite difference of the attitude) are known then the angular
velocity ! can be computed from the kinematics equation, with
! D 24T .q/Pq, where 4.q/ is a 4 £ 3 matrix function of the quater-
nion (see Ref. 2 for more details). However, this approach requires
knowledge of the attitude, which is determined from the star refer-
ence and body measurement vectors. In this Note a new and simple
approach to determine the angular velocity is shown that depends
only on knowledge of the body vector measurements, which are
obtained directly from the star tracker. Therefore, angular veloci-
ties can still be determined in the event of star pattern recognition
anomalies. Also, these velocities can be used to control the space-
craft in the event of gyro failures.

Angular Velocity Determination
In this section a least-squares approach is used to deter-

mine the angular velocity from star tracker body measurements
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alone. Consider the following unit-vector measurement model at
time tk :

Qbi .k/ D A.k/ri C vi .k/ (1)

where Qbi .k/ is the i th body measurement vector, A.k/ is the proper-
orthogonal attitude matrix, ri is the star reference vector, and vi .k/
is the measurement noise that is given by a zero-mean Gaussian
white-noise process. Shuster3 has shown an analysis of the prob-
ability density function for the measurement error involving unit-
vectorobservations.A signi� cant conclusionis that from a practical
standpoint the probabilitydensity on the sphere is indistinguishable
from the correspondingdensity on the tangent plane, so that the unit
vector can in fact be used in standard forms with ¾ 2

i I3 £ 3 , where
I3 £ 3 is a 3 £ 3 identity matrix, as the measurement noise covari-
ance. Also, we note that the inertially � xed star reference vector ri

is time-independent, neglecting effects such as proper motion and
velocity aberration.

Taking the difference between successive measurements of
Eq. (1) gives

Qbi .k C 1/ ¡ Qbi .k/ D [A.k C 1/ ¡ A.k/]ri C vi .k C 1/ ¡ vi .k/ (2)

We assume that the body angular velocity ! is constant between
tk and tk C 1 and ignore terms higher than � rst order in !1t , where
1t ´ tk C 1 ¡ tk is the sampling interval.With these assumptions the
following � rst-order approximation can be used2:

A.k C 1/ ¼ fI ¡ 1t [!.k/£]gA.k/ (3)

where [!.k/£] is the cross-productmatrix, given by

[!.k/£] D

2
4

0 ¡!3.k/ !2.k/

!3.k/ 0 ¡!1.k/

¡!2.k/ !1.k/ 0

3
5 (4)

Substituting Eq. (3) into Eq. (2) gives

Qbi .k C 1/ ¡ Qbi .k/ D ¡1t [!.k/£]A.k/ri C vi .k C 1/ ¡ vi .k/ (5)

Our goal is to determinean angularvelocityestimate independentof
attitude and the reference vectors. This is accomplished by solving
Eq. (1) in terms of A.k/ri and substituting the resultant into Eq. (5),
which yields

.1=1t/[Qbi .k C 1/ ¡ Qbi .k/] D [Qbi .k/£]!.k/ C wi .k/ (6)

where wi .k/ is the new effective measurement noise vector given
by

wi .k/ ´ [!.k/£]vi .k/ C .1=1t/[vi .k C 1/ ¡ vi .k/] (7)

Note that 1t will have � nite values because discrete-timemeasure-
ments are assumed.

The new measurement noise wi .k/ in Eq. (6) is now a function
of the angular velocity vector. Assuming a stationary noise process
for vi , the following covariance expression can be derived:

E
©
wi .k/wT

i .k/
ª

D ¾ 2
i [!.k/£][!.k/£]T C

¡
2¾ 2

i

¯
1t 2

¢
I3 £ 3 (8)

where Ef g denotes expectation. If the bandwidth of the attitude
variations (that is, the frequencycontent) is well below the Nyquist
frequency with a safety factor of 10, then k!.k/k1t < ¼=10 for all
k. This condition obviously holds when the spacecraft is rotating
slowly compared to the sampling rate, which is required by the
assumptions made leading to Eq. (6). Because the 2-norm gives
k[!.k/£]k D k!.k/k, then the following inequality is true:

®®¾ 2
i [!.k/£][!.k/£]T

®® <
¼ 2

100

¾ 2
i

1t 2
¿

2¾ 2
i

1t 2
(9)

Using Eq. (9), then the last term in Eq. (8) dominates the � rst term
on the right-hand side, which can effectively be ignored.

Equation (6) can now be cast into a linear least-squares form for
all measurement vectors, which leads to

O!.k/ D
1

1t

(
nX

i D 1

N¾¡2
i [Qbi .k/£]T [Qbi .k/£]

)¡1

£
nX

i D 1

N¾¡2
i [Qbi .k/£]T Qbi .k C 1/ (10)

where O!.k/ is the estimate of !.k/ and N¾ 2
i ´ 2¾ 2

i =1t2 is the ef-
fective measurement error variance. Only knowledge of the body
vector measurements, sampling interval, and measurement covari-
ance are required to derive an angular velocity estimate. Therefore,
the attitude and star reference vectors are not required to be known.
Hence, stars do not need to be identi� ed to determine the angular
velocity. However, knowledge of the same star measurement Qbi at
times tk C 1 and tk is required to estimate ! at time tk . This time de-
lay is an unfortunateresult of the � nite difference, but becomes less
signi� cant as the sampling interval decreases. This condition still
exists when a � nite difference approach is used from a kinematics
model with a known attitude to estimate the angular velocity.

We now derive the estimate error covariance. Multiplying both
sides of Eq. (6) by 1t and substituting the resultant for Qbi .k C 1/
into Eq. (10) leads to

O!.k/ ¡ !.k/ D

(
nX

i D 1

N¾ ¡2
i [Qbi .k/£]T [Qbi .k/£]

¼ ¡1

£
nX

i D 1

N¾¡2
i [Qbi .k/£]T wi .k/ (11)

Equation (11) involves the measurements Qbi .k/ themselves. The
actual covariance should be computed by replacing Qbi .k/ with
A.k/ri C vi .k/ fromEq. (1). However,usinga similar analysisas the
one shown in Ref. 3 indicates that the errors produced by ignoring
this replacement are higher order in nature and thus are negligible.
Therefore, the predicted error covariance (that is, the best available
estimate of the error covariance) is simply given by

P.k/ ´ Ef[ O!.k/ ¡ !.k/][ O!.k/ ¡ !.k/]T g

¼

(
nX

i D 1

N¾ ¡2
i [Qbi .k/£]T [Qbi .k/£]

)¡1

(12)

At least two noncollinearbodyvectorsare requiredfor observability
[that is, for the inverse in Eq. (12) to exist].The error covariancestill
depends on the sampling interval from N¾ 2

i . Also, if N¾ 2
i is replaced

by ¾ 2
i this yields the attitude error covariance,which can be derived

from maximum likelihood.3 This shows an interesting similarity
between the angular velocity estimation algorithm presented here
and standard attitude determination algorithms.

Equation (10) is based upon a � rst-order difference approxima-
tion. This approach is accurateonly when Eq. (3) is a valid approxi-
mation. Other approximationscan be used, which might give better
accuracies for high angular velocities (that is, when the bandwidth
of the attitude variations is near the Nyquist frequency). However,
some of these approximationsmight actuallygive worse results than
the � rst-order difference approximationfor motions well below the
Nyquist frequency (as will be shown). Two other approximations
will be considered here: a central difference approximation and a
second-orderdifference approximation.4 The derivation for each is
similar to the � rst-orderdifferenceapproximation,and so for brevity
these derivations are omitted.

Using a central difference, the angular velocity estimate can be
shown to be given by

O!.k/ D
1

21t

(
nX

i D 1

N¾ ¡2
i [Qbi .k/£]T [Qbi .k/£]

)¡1

£
nX

i D 1

N¾¡2
i [Qbi .k/£]T [Qbi .k C 1/ ¡ Qbi .k ¡ 1/] (13)
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where N¾ 2
i ´ ¾ 2

i =1t 2. The error-covariance derivation leads to the
same expression given in Eq. (12) with N¾ 2

i D .1=1t 2/¾ 2
i . Using a

second-orderdifference,the angular velocityestimate can be shown
to be given by

O!.k/ D 1

21t

(
nX

i D 1

N¾ ¡2
i [Qbi .k/£]T [Qbi .k/£]

)¡1

£
nX

i D 1

N¾ ¡2
i [Qbi .k/£]T [4Qbi .k C 1/ ¡ Qbi .k C 2/] (14)

where N¾ 2
i ´ [.13¾ 2

i /=.21t2/] is the measurement error covariance.
The error-covariancederivation leads to the same expression given
in Eq. (12) with N¾ 2

i D [13=.21t 2/]¾ 2
i .

The central difference approach gives a lower standard devia-
tion in the estimate noise (by a factor of

p
2=2) than the � rst-order

difference approach; however, the central difference requires stor-
age of Qbi at times tk and tk ¡ 1 , which increases the computational
burden (especially when tracking the stars). The second-order al-
gorithm provides a higher-order approximation, compared to the
� rst-order approach, which might lead to more accurate results for
higher body angular velocities (that is, the estimate errors might
remain within their respective 3-¾ bounds). But this comes at the
price of an increased standard deviation in the estimate noise (by
a factor of

p
13=2). Also, the second-order algorithm requires two

time steps ahead to estimate the angularvelocity at the current time.
The � rst-order algorithm requires only one time step ahead. For
these reasons this algorithm should be used when possible, under
the Nyquist limit assumption.

It is imperative that the angular estimate calculations using
Eqs. (10), (13), or (14) be done with the same star reference at
different sampling periods because the reference vector is assumed
to be constant. Care must be given to the available stars, keeping
track of ones that enter or leave the � eld of view (FOV). If a star
leaves the FOV at time tk C 1 , then this star should not be used to
compute the � nite difference. This can be easily employed using
simple tracking logic, such as computing inner star angles between
successive body measurements (see Ref. 5 for details).

Simulation Example
Simulation results are shown using a two-star tracker con� gu-

ration with actual star reference vectors to determine the angular
velocity of a rotating spacecraft in a low Earth equatorial orbit.
Each star tracker is assumed to sense up to 10 stars in an 8 £ 8 deg
FOV. The catalogcontainsstars that can be sensedup to a magnitude
of 6.0 (larger magnitudes indicate dimmer stars). The spacecraft is
assumed to be nearly Earth pointing with a body angular velocity
rotation given by

!.t/ D [0:0001 sin.0:01t/ 0:0011 0:0001cos.0:01t/]T rad/s

(15)

Each star trackeris pointedaway from the Earth with onestar tracker
pointed45 deg in the north direction and the other is pointed 45 deg
in the south direction. Therefore, the star tracker boresights are
90 deg apart. The sampling interval for each tracker is given by
1t D 0:1 s. Also, a standard deviation of 0:001¼=180 rad has been
used to generate each synthetic body measurement set.

A plot of the available stars from both trackers over a 40-min
simulation is shown in Fig. 1. The minimum number of available
stars is 9 with a maximum of 20. In general, as the number of avail-
able stars decreases the estimation accuracy degrades,although this
also depends on the angle separation between stars. For the sim-
ulation run the � rst-order difference has been used to determine
the angular velocity, given by Eq. (10). A plot of the X-axis er-
rors, with 3-¾ bounds computed from Eq. (12), is shown in Fig. 2.
Clearly, the computed 3-¾ boundaries do indeed bound the esti-
mation errors. Also, as the number of available stars decreases the
3-¾ bounds and actual errors increase as expected. The computed
angular velocities at each time are given by the top plot of Fig. 3.
These velocities are � ltered using a simple ® � lter,6 with a gain

Fig. 1 Number of available stars.

Fig. 2 X axis error with 3-¾ bounds.

Fig. 3 Computed and � ltered angular velocities.

set to ® D 0:1. The results are shown by the bottom plot of Fig. 3.
This simple � lter increases the accuracy by an order of magnitude
without adding signi� cant delay into the system. Furthermore, as
the sampling frequency increases, through judicious � ltering these
star-tracker-derived velocities might eventually compete with the
accuracy of modern day gyros. For this simulation, when the sam-
pling frequencyis given by 500 Hz the � ltered velocitiesachieve an
accuracy of about 0.05 ¹rad/s.
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Conclusions
In this Note a new approach was shown to determine the an-

gular velocity vector directly from star tracker measurements. The
main advantage of this approach is that it requires no information
of the star reference vectors or the attitude. Algorithms based on
various difference approximations were developed. The estimate
error covariances for each approximation have also been shown.
Each approximation requires a time delay in the angular velocity
estimate, which becomes less signi� cant as the sampling interval
decreases. Simulations results used a realistic star tracker con� g-
uration. Results indicated that very accurate angular velocity esti-
mation is possible when combined with a simple � lter. Also, the
computational burden of the angular velocity estimator combined
with a simple � lter is far less than a Kalman � lter, but a Kalman
� lter using a complete dynamics model might produce even more
accurate results.
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